Abstract. Let R be a commutative ring, and let L and L ′ be R-modules. We investigate finiteness conditions (e.g., noetherian, artinian, mini-max, Matlis reflexive) of the modules Ext
Introduction
Throughout this paper R denotes a commutative ring. It is well-known that, given noetherian R-modules N and N ′ , if R is noetherian, then Ext [6] we establish much more general results, still working over a local noetherian ring. The current paper treats the non-local case, and in some instances extends results to the non-noetherian setting. For instance, the following result is proved in 5.2, 5.5, 5.11, 5.14, and 6.16.
Theorem I. Assume that R is noetherian. Let A, M , and M ′ be R-modules such that A is artinian, M is mini-max, M
′ is Matlis reflexive. One may be dismayed by the technical nature of parts (a) and (b) of this result, especially the need to consider a non-canonical completion of R. However, straightforward examples show that Ext i R (A, M ) is not usually noetherian over R or over the completion of R with respect to its Jacobson radical, so this technicality is unavoidable.
It should also be noted that, given the pathological localization behavior of Ext i R (A, M ), one cannot simply localize Ext i R (A, M ) and apply the local results of [6] . One needs to apply a more subtle decomposition technique based on a result of Sharp [11] ; see Fact 3.1. This result implies that an artinian R-module decomposes as a finite direct sum of m-torsion submodules where m ranges through the finite set Supp R (A). Such decompositions hold for any b-torsion module (even over a non-noetherian ring) when b is an intersection of finitely many maximal ideals of m. Thus, the following result (which is proved in 4.2) applies when T is artinian; it is our substitute for localization that allows us to reduce the proof of Theorem I(a) to the local case.
Theorem II. Assume that R is noetherian, and let c be a finite intersection of maximal ideals of R. Let T and L be R-modules such that T is c-torsion, and set F = Supp R (T ) ∩ Supp R (L). Let G be a finite set of maximal ideals of R containing F . Then for all i 0 there are R-module isomorphisms
Ext i R (T, L) ∼ = m∈G Ext i R m (Γ m (T ), R m ⊗ R L) ∼ = m∈G Ext i Rm (T m , L m ).
The second isomorphism is R
a -linear for each ideal a ⊆ ∩ m∈G m. Hence, Ext i R (T, L) has an R a -module structure that is compatible with its R-module structure.
Since the decomposition result for artinian modules holds over noetherian and non-noetherian rings alike, it is reasonable to ask what can be said about these Ext and Tor-modules when R is not noetherian. The proofs of Theorems I and II use some techniques that are inherently noetherian in nature. However, in the case i = 0 we have the following non-noetherian result, which we prove in 7.11. It compliments a result of Faith and Herbera [5, Proposition 6.1] stating that the tensor product of two artinian modules has finite length. See also Corollary 7.4. In particular, Hom R (A, N ) is annihilated by ∩ m∈G m αm and has finite length.
We summarize the sections of the paper. Section 1 contains definitions and background material. Section 2 consists of foundational material about torsion modules, and Section 3 does the same for artinian and mini-max modules. Section 4 is devoted to the proof of Theorem II and other similar isomorphism results. Sections 5-6 contain the proof of Theorem I. We conclude with Section 7 which includes the proof of Theorem III as well as vanishing results for Ext and Tor, including a description of the associated primes of certain Hom-modules.
To conclude this introduction, we mention our mnemonic naming protocol for modules. It follows in the great tradition of using I for injective modules, P for projective modules, and F for free or flat modules. Artinian modules are usually named A or A ′ . Modules with finiteness assumptions on their Bass numbers or Betti numbers are denoted B and B ′ . We use M and M ′ for mini-max (e.g., Matlis reflexive) modules. The symbols N and N ′ are reserved for noetherian modules. Torsion modules are usually T or T ′ . Modules with no specific properties are mostly denoted L and L ′ .
Foundations
This section contains notations, definitions, and other background material for use throughout the paper. Definition 1.1. For each ideal a ⊆ R, let R a denote the a-adic completion of R, and set V (a) = {p ∈ Spec(R) | a ⊆ p}. Let m-Spec(R) denote the set of maximal ideals of R. Given an R-module L, let E R (L) denote the injective hull of L. Fact 1.2. Assume that R is noetherian, and let a be an ideal of R. Recall that a R a is contained in the Jacobson radical of R a , and that R a /a R a ∼ = R/a; see [8, Theorems 8.11 and 8.14] . From this, it is straightforward to show that there are inverse bijections
where n ∩ R denotes the contraction of n along the natural map R → R a . Definition 1.3. Set E R = m∈m-Spec (R) E R (R/m). Let (−) ∨(R) = Hom R (−, E R ) be the Matlis duality functor. We set E = E R and (−) ∨ = (−) ∨(R) when the ring R is understood. Set (−) ∨∨ = ((−) ∨ ) ∨ and similarly for (−) ∨(R)∨(R) . Given an R-module L, the natural biduality map for L is the map δ L : L → L ∨∨ given by δ L (l)(ψ) = ψ(l), and L is said to be Matlis reflexive if δ L is an isomorphism. Fact 1.4. Assume that R is noetherian. Then E is a minimal injective cogenerator for R, that is, for each R-module L, the natural biduality map δ L : L → L ∨∨ is a monomorphism; see [4, Exercise 3.3.4] . From this, we have Ann R (L) = Ann R (L ∨ ). Indeed, the biduality map explains the third containment in the next display; the remaining containments are standard since (−) ∨ = Hom R (−, E):
that the class of mini-max R-modules is the smallest class of R modules containing the artinian and noetherian R-modules that is closed under extensions. See, e.g., the proof of [6, Lemma 1.23].
Fact 1.8 ([6, Lemma 1.24]). Let C be a class R-modules that is closed under submodules, quotients, and extensions.
. Let R → S be a ring homomorphism, and let C be a class of S-modules that is closed under submodules, quotients, and
The set of minimal elements of Supp R (L) with respect to inclusion is denoted Min R (L).
Definition 1.11. Let a be an ideal of R, and let L be an R-module. Set
Here is something elementary and useful.
Lemma 1.12. Let U ⊆ R be multiplicatively closed. For all U −1 R-modules M and N , one has Hom U −1 R (M, N ) = Hom R (M, N ).
Proof. Given the natural inclusion Hom
Fact 1.13. Assume that R is noetherian, and let b be an ideal of R. For each p ∈ Spec(R), one has
The point is that E R (R/p) is p-torsion and multiplication by any element of R p describes an automorphism of E R (R/p). Fact 1.14. Assume that R is noetherian, and let U ⊆ R be multiplicatively closed. For each p ∈ Spec(R), one has
See, e.g., [4 
For each i and each p ∈ Spec(R), we have
Assume that R is noetherian, and let L be an R-module. (a) If I is a minimal injective resolution of L, then for each index i 0 we have
See, e.g., [8, Theorem 18.7] . (b) For each p ∈ Spec R, the quantity µ 
Torsion Modules
This section consists of foundational material about torsion modules. For the next fact, the proofs in [6] work over non-local non-noetherian rings. (a) Then T has an R a -module structure that is compatible with its R-module structure via the natural map R → R a . (b) The natural map T → R a ⊗ R T is an isomorphism of R a -modules. (c) The left and right R a -module structures on R a ⊗ R T are the same. (d) A set Z ⊆ T is an R-submodule if and only if it is an R a -submodule.
The next result contains a non-local version of [6, Lemma 1.5].
Lemma 2.2. Let a be an ideal of R, and let T be an a-torsion R-module.
Proof. (a) The first isomorphism in the following sequence is Hom-cancellation.
The second isomorphism is Hom-tensor adjointness, and the third one is from Fact 2.1(b). One checks that these isomorphisms are compatible with the inclusion Hom R (T, L) ⊇ Hom R a (T, L), so this inclusion is an equality.
(b) The desired equality follows from part (a). For the isomorphism, consider the map i * :
Since T is a-torsion, it is an R a -module by Fact 2.1(a). Using this, it is straightforward to show that i * is R a -linear. The proof of [6, Lemma 1.5] shows that i * is bijective. 
(c) The module T is a-torsion for each ideal a ⊆ ∩ m∈Supp R (T ) m, and
is a direct sum, and the isomor-
Proof. Let p ∈ Spec(R) and m ∈ F and n ∈ m-Spec(R). Because each T (m) is m-torsion, if p = m and n = m, then T (m) p = 0 = Γ n (T (m)). (Lemma 2.3 may be helpful here.) Also, the natural maps
The bijectivity of the given maps (which are at least R-linear) follows readily from the previous paragraph. Since T (n) ∼ = Γ n (T ) ∼ = T n is n-torsion, Fact 2.1(a) implies that T (n) is an R a -module for each ideal a ⊆ n, and Lemma 2.2(a) tells us that any R-module homomorphism Γ n (T ) → T n or T (n) → Γ n (T ) is R a -linear. It follows that each such map is R n -linear, so it is R n -linear by restriction of scalars along the natural map R n → R n . (b) The equality in the next sequence is from the previous two paragraphs:
The containments are by definition.
From the containment Supp R (T ) ⊆ m-Spec(R), we conclude that each m ∈ Supp R (T ) is both maximal and minimal in Supp R (T ). This explains the equality Supp R (T ) = Min R (T ), and the containment Ass R (T ) ⊆ Supp R (T ) is standard.
It remains to show that Supp R (T ) ⊆ Ass R (T ). Let m ∈ Supp R (T ). Part (a) implies that Γ m (T ) ∼ = T m = 0, so there is a non-zero element x ∈ Γ m (T ) ⊆ T . This element is m-torsion, so there is an integer n 0 such that m n+1 x = 0 = m n x. Any non-zero element y ∈ m n x therefore has Ann R (y) = m, so m ∈ Ass R (T ), as desired.
The reverse containment follows from the fact that if m ∈ F Supp R (T ), then Γ m (T ) ∼ = T m = 0 by part (a). The sum m∈F Γ m (T ) is a direct sum since distinct ideals in F are comaximal. Since the natural map T (m) → Γ m (T ) is an isomorphism for each m ∈ F , the equality m∈F Γ m (T ) = T now follows. The isomorphisms
follow from the directness of the sums, using part (a).
Fix an ideal a ⊆ ∩ m∈Supp R (T ) m. The fact that T is a-torsion follows readily from the equality T = m∈Supp R (T ) Γ m (T ). The R a -linearity of each of the isomorphisms in the statement of the result is a consequence of Lemma 2.2(a).
The next result provides the prototypical example of a module T as in the previous result. 
Proof. Fact 2.1(a) implies that T is a module over the product R b ∼ = m∈F R m ; this product decomposition comes from the fact that F is finite. Furthermore, T is torsion with respect to the Jacobson radical b R b ⊆ R b . Using the natural idempotent elements of R b , we know that T decomposes as a coproduct
Since F is finite, we have b R 
Proof. (a) Since each module T (m) is m-torsion and m is maximal, Lemma 2.3 can be used to show that
This explains the
shows that it is also R b -linear. The description of Supp R (Γ a (T )) follows from Lemma 2.4(b), with a small amount of work.
(b) We claim that
In the case where U ∩ m = ∅, the isomorphism U −1 T (m) ∼ = T (m) follows from Lemma 2.3. 
Lemma 2.7. Let c be an intersection of finitely many maximal ideals of R. Let U ⊆ R be a multiplicatively closed set, and let T be a c-torsion R-module. Let
Then there are R-module isomorphisms
Proof. Note that we have U ⊆ V , so Lemmas 2.5 and 2.6(b) provide the isomorphisms 
The sum is a direct sum, and we have
Lemma 2.9. Let a be an ideal of R. Let L and T be R-modules such that T is a-torsion and a n L = a n+1 L for some n 0. Then T ⊗ R (a n L) = 0 and Proof. Fact 2.1(a) implies that T is an R a -module. Since the R-submodules of T and the R a -submodules of T are the same by Fact 2.1(d), they satisfy the descending chain condition simultaneously, and the artinian case follows. Similarly for the noetherian case.
For the mini-max case, suppose that there is an exact sequence of R-module homomorphisms 0 → A → T → N → 0. Since T is a-torsion, so are A and N . Lemma 2.2(a) implies that the given sequence consists of R a -module homomorphisms. Since A is artinian over R if and only if it is artinian over R a , and N is noetherian over R if and only if it is noetherian over R a , it follows that T is mini-max over R if and only if it is mini-max over R a .
Lemma 2.11. Assume that R is noetherian, and fix an ideal a ⊆ R. For each p ∈ V (a) we have
The first isomorphism is R a -linear, and the second one is R p -linear. Also there are R a -module isomorphisms
In particular, the module E R a is a-torsion.
Proof. Let p ∈ V (a). Since R/p and E R (R/p) are p-torsion, they are a-torsion, so they have natural R a -module structures. Moreover, R/p ⊆ E R (R/p) is an R asubmodule by Fact 2.1(d), and Fact 1.2 shows that R a /p R a ∼ = R/p. Note that this isomorphism is R a -linear by Lemma 2.2(a) since the modules in question are a-torsion.
Claim: The essential extensions of R/p as an R-module are exactly the essential extensions of R/p as an R a -module. First, let L be an essential extension of R/p as an R-module. Since E R (R/p) is a-torsion and is a maximal essential extension of
Thus L is an essential extension of R/p as an R a -module. A similar argument shows that any essential extension of R/p ∼ = R a /p R a as an R a -module is also an essential extension as an R-module. From the claim, it follows that the maximal essential extensions of R/p as an R-module are exactly the maximal essential extensions of R/p as an R a -module, so E R a (R/p) ∼ = E R (R/p). This isomorphism is R a -linear by Lemma 2.2(a). Since p is an arbitrary element of V (a), the special case a = p shows that
so we have the second isomorphism in (2.11.1). The first isomorphism in (2.11.2) now follows from Fact 1.2 and (2.11.1). Lemma 2.6(a) explains the second isomorphism in (2.11.2).
The final result of this section compares to part of [6, Lemma 1.5(a)].
Lemma 2.12. Assume that R is noetherian. Let a be an ideal of R, and let T be an a-torsion R-module. Then there is an isomorphism
Proof. This is a consequence of the next display
which follows from Lemma 2.2(b) with Lemma 2.11.
Artinian and Mini-Max Modules
We begin this section with an important observation of Sharp [11] .
Fact 3.1. Let A be an artinian R-module. By [11, Proposition 1.4], there is a finite set F of maximal ideals of R such that A is the internal direct sum A = m∈F Γ m (A). Consequently, Lemmas 2.4 and 2.6 apply to the module T = A. In particular, any localization U −1 A is naturally a submodule of A by Lemma 2.6(b) so it is artinian over R and hence over V −1 R for each multiplicatively closed subset V ⊆ U . Furthermore, any torsion submodule Γ b (A) is naturally a submodule of A by Lemma 2.4(c) and 2.6(a) so it is artinian over R and hence over R a for each ideal a ⊆ b. If R is noetherian, then any torsion submodule Γ b (A) ∼ = R b ⊗ R A is naturally a submodule of A by parts (a) and (c) of Lemma 2.6 so it is artinian over R and hence over R a for each ideal a ⊆ b.
Proof. The forward implication follows from Lemma 2.4(b) and Fact 3.1.
For the reverse implication, assume that Supp
Now we talk about another class of modules, motivated by Fact 1.6.
. We assume L = 0. Let π : R → R be the natural surjection and π * : Spec(R) → Spec(R) the induced map given by π
. The ring R = 0 is semi-local and complete, so it is a finite product of nonzero complete local rings, say
. This explains the second equality in the following display. The last equality is standard.
As R is semi-local, this set is finite.
completing the proof.
The next result compares directly with Fact 2.1 and Lemma 2.2(a).
(a) L has an R a -module structure that is compatible with its R-module structure via the natural map
Proof. Assume without loss of generality that
There is a commutative diagram of ring homomorphisms
The map in the bottom row is an isomorphism because R/ Ann R (L) is semi-local and complete with Jacobson radical b/ Ann R (L); this uses Lemma 3.3(a). Since L has an R/ Ann R (L)-module structure that is compatible with its R-module structure via the natural map
and the desired conclusions follow readily. 
noetherian (respectively, artinian) over R if and only if it is noetherian (respectively, artinian) over
Proof. From Lemma 3.4(d) we have {R-submodules of L} = { R a -submodules of L}. Thus, the first set satisfies the ascending (respectively, descending) chain condition if and only if the second one does. (ii) ⇐⇒ (iv) The fact that R is noetherian and R/ Ann R (L) is complete explains the isomorphism in the next display
The epimorphism comes from the containment Ann
is semi-local and complete. Hence, the equivalence (ii) ⇐⇒ (iv) is a consequence of Fact 1.6.
Proof. The claim that U −1 M is a mini-max U −1 R-module follows from the fact that localization is exact and localizing a noetherian (artinian) R-module at U yields a noetherian (artinian) U −1 R-module; see Fact 3.1. Therefore, the remaining conclusions follow from the local case, using the localization behavior of Bass and Betti numbers from Remark 1.16; see [6 
(ii) L is Matlis reflexive over R; (iii) L has finite length over R.
Proof. The implication (iii) =⇒ (i) is routine, and the equivalence (i) ⇐⇒
Over an artinian ring every indecomposable injective module has finite length and the prime spectrum is a finite set. By Remark 1.17(a) and Lemma 3.7 the injective hull of L as an R/ Ann R (L)-module is a finite direct sum of indecomposable injective R/ Ann R (L)-modules. Thus, L injects into a finite length module. Hence L has finite length.
Lemma 3.9. Assume that R is noetherian, and let a be an ideal of
Proof. Let M be mini-max over R, and fix an exact sequence of R-module homomorphisms 0 → N → M → A → 0 where N is noetherian over R and A is artinian over R. The ring R a is flat over R since R is noetherian, so the base-changed 
Isomorphisms for Ext
Proof.
. By Fact 1.14 and Remark 1.17(a), the natural map ρ :
Since G is a set of maximal ideals it follows that m p for all m ∈ G. Hence, we have b = ∩ m∈G m p since G is finite. Fact 1.13 implies that Γ b (E R (R/p)) = 0 and the result follows. 
(Proof of Theorem II). Let
= m∈G Hom Rm (T m , I m ).
Step (1) comes from Lemmas 2.4(c) and 2.5, and (5) is from Lemma 4.1.
Step (2) is standard, since Supp R (T ) is finite. Lemma 2.2(b) and Facts 1.13-1.14 explain steps (4) and (6), respectively, and step (7) is from Lemma 1.12. Since I m is an
For each m ∈ m-Spec(R), the module T m ∼ = Γ m (T ) is m-torsion by Lemmas 2.4(a) and 2.5. Thus T m is an R m -module, and so is Ext 
The second isomorphism is from Lemmas 2.4(a) and 2.5, and using the standard isomorphism
Since these isomorphisms are R m -linear for each m, the induced isomorphism on coproducts m∈G Ext
In the next result, one can take a = ∩ m∈G m, for instance.
Theorem 4.3. Assume that R is noetherian, and let c be an intersection of finitely many maximal ideals of R. Let T and L be R-modules such that T is c-torsion, and set
and let U ⊆ R ∪ m∈F m be a multiplicatively closed set. Then for all i 0 there are R-module isomorphisms
The first isomorphism is R a -linear.
Proof. For the first isomorphism, we first set
b that is compatible with the maps R → R a and R → R b . Thus, the above isomorphisms are R a -linear. Furthermore, the same logic explains the first R amodule isomorphism in the next sequence.
Combining the two sequences of isomorphisms, we conclude that Ext
For the second isomorphism, let I be a minimal injective resolution of L. Using prime avoidance, one shows readily that {m ∈ Supp R (T ) | m ∩ U = ∅} = F . The logic of steps (1)-(3) from the proof of Theorem II explains step (1) in the next display:
Step (2) is standard, as F is finite. Steps (3) and (7) are by Lemma 2.7.
Steps (4) and (6) are from Lemma 2.2(b).
Step (5) is by Lemma 4.1.
Step (8) is Lemma 1.12. Taking cohomology, one has Ext 
The first isomorphism is U −1 R-linear, and the second one is R a -linear.
Proof. In the next sequence, the first isomorphism is from Theoerem 4.3:
This uses the fact that U −1 T is c-torsion over R with the equality Supp 
using the torsionness of Γ a (T ) and the equality Supp R (Γ a (T )) = Supp R (T ) ∩ V (a) from Lemmas 2.5 and 2.8.
Our next result compares to [6, Theorem 4.3] . 
The fact that R b ⊗ R M is Matlis reflexive over R b explains the second isomorphism. The third and fourth isomorphisms are from adjointness. This explains the first isomorphism in the statement of the theorem. To verify the second isomorphism in the statement of the theorem, argue similarly, using the isomorphism
from Theorem II. 
is Matlis reflexive. Indeed, the proof of Theorem 4.5 shows that 
∨ is noetherian over R b follows from [9, Theorem 1.6(3)]; see Lemma 2.12.
Similarly,
is a noetherian (hence Matlis reflexive) R m -module. The following result shows, e.g., that extension functors applied to two artinian modules over arbitrary noetherian rings can be computed as a finite coproduct of extension functors applied to pairs of noetherian modules over complete local rings.
Corollary 4.7. Assume that R is noetherian, and let c be an intersection of finitely many maximal ideals of R. Let T be a c-torsion R-module, and let A be an artinian R-module. Let F be a finite subset of m-Spec(R) containing Supp R (T )∩Supp R (A).
Proof. The first isomorphism in the next sequence is from adjointness and is R blinear by general principles:
The second isomorphism is from Fact 3.1, and the third one is from Lemma 2.12. This explains the second isomorphism in the next sequence:
The first step is from Theorem 4.5. The other isomorphisms from the statement of the corollary are verified similarly. Proof. Theorem II provides an R a -module isomorphism
Properties of Ext
The proof of Theorem II also shows that Ext
Since the set F is finite, it suffices to show that Ext
(See the discussion of the R a -module structure in the proof of Theorem II.) From the previous paragraph, it suffices to consider m ∈ Supp R (A) ∩ Supp R (B). To this end, we invoke [6, Theorem 2.2]. To apply this result, note that Fact 3.1 implies that Γ m (A) is artinian over R m , and a straightforward computation shows that µ
, which is finite.
(Proof of Theorem I(a)
). Combine Lemma 3.7 and Theorem 5.1.
Given that so many of our previous results are for torsion modules (not just for artinian ones) we include the following example to show that torsionness is not enough, even in the local case. Similar examples show the need for finiteness conditions in other similar results.
Example 5.3. Let k be a field, and let k (µ) be a k-vector space of infinite rank µ. Then k (µ) is m-torsion where m = 0 is the maximal ideal of k. However, the module Hom k (k (µ) , k) ∼ = k µ is not noetherian (or artinian or mini-max) over k = k. 
provide an epimorphism:
Therefore, R/ Ann R (Ext 
is finite. Set a := ∩ m∈F m. Theorem I(a) implies that Ext Proof. Let N be a noetherian submodule of M such that M/N is artinian. Because of the containment Supp R (M ) ⊆ V (Ann R (M )), the fact that the quotient
Proof. Fix a noetherian submodule
so we conclude that R/ Ann R (Ext Since M/N is artinian, we have Supp R (M/N ) ⊆ m-Spec(R), so
It follows by Theorem I(a) that Ext
where the last equality follows from Lemma 3.3(a) since R/ Ann R (Ext Since N and N ′ are noetherian over R, so is Ext
is also noetherian over R. Arguing as above, we find that
so Lemma 3.5 implies that Ext
Tor. This subsection contains non-local versions of results from [6, Section 3]. As we see next, it is easier to work with Tor since we can work locally. One might be tempted to try to prove the previous result by applying Theorem 5.1 to A and B ∨ . When R is local, this approach works. However, in the nonlocal case, the fact that β 
, as desired. The containment above can be strict. (See, however, Lemma 3.3(b).) If we let R = k[X], n = RX and L = m∈m-Spec(R) {n} R/m, then the maximal ideal n is not in Supp R (L). We claim, however, that n ∈ Supp R (L ∨ ). To see this, note that
(Proof of Theorem I(b)
). Combine Lemma 3.7 and Theorem 5.9.
Theorem 5.12. Assume that R is noetherian. Let M and M ′ be mini-max Rmodules. Then for all i 0, the R-module Tor
Proof. Let N be a noetherian submodule of M such that the quotient M/N is artinian. Fact 1.8(c) and Theorem I(b) imply that Tor 
Proof. This follows from Theorem 5.12, using Fact 1.6 and Lemma 3.8. 
Matlis Duals of Ext Modules
This section contains the conclusion of the proof of Theorem I; see 6.16. It is modeled on [6, Section 4] . However, Lemmas 6.7-6.10 show that the the current work is more technically challenging than [6] .
Definition 6.1. Let L and L ′′ be R-modules, and let J be an R-complex. The Hom-evaluation morphism
is given by θ LJL ′′ (l ⊗ ψ)(φ) = ψ(φ(l)).
Remark 6.2. Assume that R is noetherian. Let L and L ′ be R-modules, and 
The second isomorphism follows from the exactness of (−) ∨ .
Definition 6.3. Assume that R is noetherian. Let L and L ′ be R-modules, and let J be an injective resolution of L ′ . The R-module homomorphism
∨ is defined to be the composition of the the maps displayed in Remark 6.2.
Remark 6.4. Assume that R is noetherian. Let L, L ′ , and N be R-modules such that N is noetherian. It is straightforward to show that the map Θ i LL ′ is natural in L and in L ′ . The injectivity of E implies that Θ i N L ′ is an isomorphism; see [10, Lemma 3.60 ]. This explains the first of the following isomorphisms:
The second isomorphism is a consequence of Hom-tensor adjointness. Since Tor is commutative, the second isomorphism implies that Ext
Fact 6.5. Assume that R is noetherian. Let L and L ′ be R-modules, and fix an index i 0. Then the following diagram commutes:
The unlabeled isomorphism is from Remark 6.4.
Lemma 6.6. Assume that R is noetherian, and let i 0.
(a) If N is a noetherian R-module and L is an R-module, then the induced map Ext 
Then the map from E(m) to X β defined by e → (e, −r β,1 e, . . . , −r β,m e) is an isomorphism. By construction, we have X β ⊆ Ker(∂ 0 I ) = B. Consider the submodule X := β∈S X β ⊆ B ⊆ I 0 . It is straightforward to
show that the sum defining X is a direct sum. Hence, we have X ∼ = E(m) (S) . In particular, X is an injective submodule of B, so it is a summand of B and a summand of I 0 . It is straightforward to show that 
From the long exact sequence associated to Ext R (T, −) with respect to (6.8.1), it follows that Hom R (T, δ B ) is an isomorphism and Ext 
It follows that Ext t R (T, Coker(δ B )) = 0 for t = 0, 1. From the long exact sequence associated to Ext R (T, −) with respect to (6.8.1), it follows that Ext 
such that S m is an index set and µ 0 (m, B ′ ) is finite for all m ∈ Supp R (T ). Note that we have µ
which is finite for all m ∈ Supp R (T ), since B ′ is a summand of B. Since I is injective, so is I ∨∨ . Hence, the maps Ext 
. Hence, using the fact that Supp R (T ) is a finite set of maximal ideals, we conclude that
, and this explains the second step in the next display:
The third step follows from the fact b ′ is finitely generated, and the remaining steps are standard. Set X :
by the previous display. Lemmas 2.4(c) and 2.5 imply that T is b ′ -torsion, so T ⊗ R Hom R (X, L) = 0 by Lemma 2.9. Also we have
by Fact 1.13, and it follows that
This explains the first isomorphism from the statement of the lemma, and the second one follows from Lemma 2.2(b).
Lemma 6.10. Assume that R is noetherian, and let c be an intersection of finitely many maximal ideals of R. Let T and L be R-modules such that T is c-torsion. Let a be an ideal contained in
Proof. Let I be a minimal injective resolution of L. The minimality of I implies that Supp R (I j ) ⊆ Supp R (L) for all j. Thus, Lemma 6.9 explains the first and third isomorphisms in the following display:
The second isomorphism is from Lemma 2.11. Since E and E R a are injective over R, the complex Hom R (I, E) is a flat resolution of Hom R (L, E) = L ∨ , and Hom R (I, E R a ) is a flat resolution of Hom R (L, E R a ); see [4, Theorem 3.2.16] . By taking homology in the display, we obtain the desired isomorphism.
Example 5.3 can be used to show that it is not enough to assume that A is c-torsion in the next results. 
) is semi-local and complete. From the containment Ann
) is semi-local and complete. Theorem 5.1 implies that Ext
Since R ′ is semi-local and complete, the ring R ′ ∨ is an isomorphism. Since E is faithfully injective, the map Θ i AB is also an isomorphism. (a) We first verify that
For this, let P be a projective resolution of A over R. Since R b is flat over R,
and the isomorphism (6.11.1) follows by taking homology.
Since F ′ is a finite set of maximal ideals, the ring R b ′ is semi-local and complete. 
The second step is from (6.11.2). The third step is from (6.11.1), in the special case where F = F ′ . The fourth step is from Hom-tensor adjointness. The fifth step is from Lemma 6.10.
To complete the proof, recall that
it is a-torsion, so Lemma 2.12 provides the first isomorphism in the next sequence
The second isomorphism is from the previous display. 
Proof. Combine Lemma 3.7 and Theorem 6.11(a). 
Proof. Since M is mini-max over R, there is an exact sequence of R-modules homomorphisms 0 → N → M → A → 0 such that N is noetherian and A is artinian. The long exact sequences associated to Tor R (−, B ∨ ) and Ext R (−, B) ∨ fit into the following commutative diagram:
By Remark 6.4, the maps Θ 
Proof. Combine Fact 1.6 and Theorem 6.14.
6.16 (Proof of Theorem I(d)). Apply Fact 1.6, Lemma 3.7, and Theorem 6.14. 
Proof. Combine Lemma 2.12 and Theorem 6.14.
Length and Vanishing of
This section includes the proof of Theorem III as well as vanishing results for Ext and Tor, including a description of the associated primes of certain Hom-modules. Most of the results of this section do not assume that R is noetherian. Note that, in the next result, the integers t and α m exist, say, when T or T ′ is artinian.
Lemma 7.1. Let a and a ′ be intersections of finitely many maximal ideals of R. Let T be an a-torsion R-module, and let
Proof. (a) In the following sequence, the first step is from Lemmas 2.4(c) and 2.5:
The remaining steps are standard, using the condition F ⊇ Supp R (T ) ∩ Supp R (T ′ ). Since T is a-torsion and a is a finite intersection of maximal ideals, it follows that T m is mR m -torsion for all m ∈ m-Spec(R), and similarly for T 
Similarly, the same isomorphism holds if m αm T ′ = m αm+1 T ′ , and the isomorphism
and Lemma 2.9 shows that
for all m ∈ F . This explains the second step in the next display:
The other steps follow from part (a). These isomorphisms are R b -linear as in part (a). The same isomorphisms hold by symmetry if
The next result is proved like Lemma 7.1(a). For the sake of brevity, we leave similar versions of Lemma 7.1(b)-(c) for the interested reader. 
Lemma 7.2. Let a be an intersection of finitely many maximal ideals of
Here we use the convention 0 · ∞ = 0.
Proof. Note that for all m ∈ m-Spec(R) and all n 0 we have len
Thus, the proof of [6, Theorem 3.8] shows that for each m ∈ F one has
and this explains step (2) in the next display:
Step (1) follows from Lemma 7.1(a), and steps (3)- (4) are routine. For step (5), since
This explains step (8) in the next display:
= m∈F len R (T /m αm T )
Step (7) follows from Lemma 7.2 applied to the tensor product T ⊗ R (R/b t ), and step (9) is standard. This explains step (5) .
Since b ⊆ m for each m ∈ F , we have an epimorphism T ′ /bT ′ ։ T ′ /mT ′ . This explains step (6) , and completes the proof. The next result also applies, e.g., when T and T ′ are artinian.
Proposition 7.5. Let a and a ′ be finite intersections of maximal ideals of R. Let T be an a-torsion R-module, and let
. Then the following conditions are equivalent:
Proof. The implication (iv) =⇒ (iii) is trivial since F ⊆ m-Spec(R).
The isomorphisms are standard. Since T /mT and T ′ /mT ′ are vector spaces over R/m, it follows that either T /mT = 0 or T ′ /mT ′ = 0, as desired. (iii) =⇒ (i) and (iii) =⇒ (ii): Assume that for each m ∈ F , either T = mT or
For each m ∈ F we have bR m = mR m . If T = mT , then this implies that (T /bT
. This explains the third step in the next display:
The other steps are routine. It follows that the set Supp R (T /bT ) ∩ Supp R (T ′ /bT ′ ) is contained in its own compliment, so it must be empty.
(ii) =⇒ (iii): Assume that Supp R (T /bT ) ∩ Supp R (T ′ /bT ′ ) = ∅. Let m ∈ F . Without loss of generality assume m / ∈ Supp R (T /bT ). Therefore, we have 0 = (T /bT ) m = T m /bT m = T m /mT m ; hence T m = mT m . Since T ∼ = n∈Supp R (T ) T n and T n = mT n for all maximal ideals n = m it follows that T = mT . Proposition 7.6. Let c be an intersection of finitely many maximal ideals of R. Let L and T be R-modules such that T is c-torsion, and let F be a subset of m-Spec(R)
Proof. The first step in the next display follows from Lemmas 2.4(c) and 2.5:
The second step is from Lemma 2.2(b). The third step follows from the fact that for all maximal ideals m / ∈ F either
, the first paragraph of this proof gives the second step in the next sequence:
The first step is from Lemma 2.2(b). For the third step, note that each m ∈ F satisfies a ⊆ m, so we have Γ m (Γ a (T )) = Γ m+a (T ) = Γ m (T ).
In the next result, the assumption "µ 0 R (m, B) is finite for all m ∈ V (a)" is equivalent to the condition len R (0 : B a) < ∞. Proposition 7.7. Assume that R is noetherian, and let c be an intersection of finitely many maximal ideals of R. Let T and B be R-modules such that T is ctorsion, and let F be a finite subset of m-Spec(R) containing Supp R (T ) ∩ Ass R (B). Set a = ∩ m∈F m, and assume that µ 0 R (m, B) is finite for all m ∈ F . Then we have
is finite for all m ∈ F , we know that
is an artinian R-module containing Γ a (B). It follows that Γ a (B) is artinian over R with Supp R (Γ a (B)) ⊆ F . Since T is c-torsion, Lemmas 2.5 and 2.6(a) imply that Supp R (Γ a (T )) ⊆ V (a) = F , so Corollary 4.7 explains the second step in the next sequence:
The first step is from Proposition 7.6. By construction, we have
), so another application of Corollary 4.7 and Proposition 7.6 explains the first and second steps in the next sequence:
The third step follows from the fact that every m ∈ F satisfies m ⊇ a.
Remark 7.8. In the previous result, note that Γ a (B) ∨ is a noetherian R a -module while Γ m (B)
∨ is a noetherian R m -module. Indeed, since Γ a (B) is artinian over R and a-torsion, Lemma 2.10 implies that Γ a (B) is artinian over R a . As the ring R In the case n < x, the condition n min{x, y} implies that n y. In particular, this implies that b n T = b n+1 T . Since T = n∈Supp(T ) Γ n (T ), this explains the second equality in the next display in the case m ∈ Supp R (T ):
For m = n ∈ Supp(T ) we have m j Γ n (T ) = Γ n (T ) = m j+1 Γ n (T ) for all j 0. Thus
since Supp R (T ) is finite. In the case m / ∈ Supp R (T ), we have Γ m (T ) ∼ = T m = 0, so the displayed equalities hold in this case as well.
(b) For each integer j 0, the first step in the following display is from Lemma 7.2 applied to T ⊗ R (R/b j ):
The second step is from Lemmas 2.4(a) and 2.5, and the third step follows similarly. This explains the third step in the next display:
The first step is from Proposition 7.6. The second step follows from the assumption Here, we follow the convention 0 · ∞ = 0.
Proof. An inductive argument on len R (0 : L m αm ) shows that len R (Hom R (T /m αm T, (0 : L m αm ))) len R (T /mT ) len R (0 : L m αm ).
Therefore by Proposition 7.9 and the additivity of length we get the first inequality in the proposition. The conditions n α m and b ⊆ m for each m ∈ F imply that b n ⊆ m αm , so we have m∈F (0 : L m αm ) ⊆ (0 : L b n ). As each m ∈ F is maximal, the elements of F are comaximal in pairs, so the sum m∈F (0 : L m αm ) is direct. It follows that
and the second in inequality in the statement of the proposition follows. The third inequality in the statement of the proposition follows from the fact that T /bT surjects onto T /mT . 
